Given a Riemannian manifold N n and Z ∈ X(N ), an isometric immersion f : M m → N n is said to have the constant ratio property with respect to Z either if the tangent component Z T f of Z vanishes identically or if Z T f vanishes nowhere and the ratio Z ⊥ f / Z T f between the lengths of the normal and tangent components of Z is constant along M m . It has the principal direction property with respect to Z if Z T f is an eigenvector of all shape operators of f at all points of M m . In this article we study isometric immersions f : M m → N n of arbitrary codimension that have either the constant ratio or the principal direction property with respect to distinguished vector fields Z on space forms, product spaces S n × R and H n × R, where S n and H n are the n-dimensional sphere and hyperbolic space, respectively, and, more generally, on warped products I × ρ Q n ǫ of an open interval I ⊂ R and a space form Q n ǫ . Starting from the observation that these properties are invariant under conformal changes of the ambient metric, we provide new characterization and classification results of isometric immersions that satisfy either of those properties, or both of them simultaneously, for several relevant instances of Z as well as simpler descriptions and proofs of some known ones for particular cases of Z previously considered by many authors. Our methods also allow us to classify Euclidean submanifolds with the property that the normal components of their position vector fields are parallel with respect to the normal connection, and to give alternative descriptions to those in [3] of Euclidean submanifolds whose tangent or normal components of their position vector fields have constant length. * Parts of this work were carried out while J. Van der Veken visited Universidade de São Paulo in the framework of the Young Researchers
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Introduction
Let M m and N n be Riemannian manifolds of dimensions m and n, respectively. Given a vector field Z in N n , it is a natural problem to investigate the isometric immersions f : M m → N n that have relevant geometric properties with respect to Z. For example, for which oriented hypersurfaces f : M m → N m+1 does a unit normal vector field along f make a constant angle with Z? A related problem is to look for the hypersurfaces for which the tangent component of Z is a principal direction of f at any point of M m . Equivalent versions of these problems can also be posed for isometric immersions f : M m → N n of arbitrary codimension n − m. Namely, the first one is equivalent to looking for the hypersurfaces for which either the tangent component of Z vanishes everywhere or it is nowhere vanishing and the ratio between the lengths of the normal and tangent components of Z is constant, and in this form the problem makes sense for submanifolds of arbitrary codimension. One may also consider the second of the preceding problems for submanifolds of any codimension by requiring the tangent component of Z to be a principal direction of all shape operators of f . It will be convenient to refer to isometric immersions satisfying those conditions as isometric immersions having the constant ratio property or the principal direction property with respect to Z, respectively.
These problems are particularly interesting when N n is endowed with distinguished vector fields Z, for instance if N n is a space form or a Riemannian product Q n ǫ ×R, where Q n ǫ denotes either the sphere S n or the hyperbolic space H n of dimension n, depending on whether ǫ = 1 or ǫ = −1, respectively. More generally, if N n is a warped product I × ρ P of an open interval I ⊂ R with any Riemannian manifold P . In particular, in Euclidean space one may consider the above problems when Z is either a constant or the radial vector field, or when it is a Killing or a conformal Killing vector field. In a product space Q n ǫ ×R or, more generally, in any warped product I × ρ P , a natural vector field Z to consider is a unit vector field ∂ ∂t tangent to either the factor R or the factor I, respectively. One may also consider those problems for the "radial" vector fields in Q n ǫ , that is, the closed and conformal vector fields in those spaces.
Several authors have addressed particular instances of the above problems for special cases of the ambient space N n and of the vector field Z. In particular, hypersurfaces with the constant ratio property with respect to the unit vector field Z = ∂ ∂t tangent to the factor R of a product space S n−1 × R and H n−1 × R, or with respect to a constant vector field in Euclidean space, were described in [5] , [7] and [19] , and submanifolds with the principal direction property with respect to those vector fields in [6] , [8] , [15] and [19] . The first of these problems was studied in [12] for surfaces in a warped product I × ρ R 2 and for hypersurfaces of arbitrary dimension of any warped product I × ρ P in [11] . The constant ratio property with respect to the radial vector field in Euclidean space was investigated in [16] for surfaces in R 3 , for Euclidean hypersurfaces of any dimension in [1] and [21] , and for submanifolds of arbitrary codimension in [2] . Surfaces in R 3 with the constant ratio property with respect to a Killing vector field were studied in [18] . The principal direction property with respect to the radial vector field was investigated in [17] for surfaces in R 3 and with respect to the vector field Z = ∂ ∂t tangent to the factor R for hypersurfaces of a warped product R × ρ P in [10] . Constant mean curvature hypersurfaces of R × ρ P with this property were characterized in [9] , yielding a description of constant mean curvature hypersurfaces with the principal direction property with respect to closed and conformal vector fields in Q n ǫ . Our first main result is a description of the isometric immersions f : M m → R n , for arbitrary values of the dimension m and the codimension n − m, that have the constant ratio property with respect to a constant vector field, as well as of the isometric immersions f : M m → Q n ǫ × R that have the constant ratio property with respect to the unit vector field Z = ∂ ∂t tangent to the factor R. Several of the remaining results of this article rely on the elementary but useful observation that, for an isometric immersion f : M m → N n , both the principal direction and constant ratio properties with respect to a vector field Z on N n are invariant under conformal changes of the metric of the ambient space. Equivalently, if Ψ : N n →N n is a (local) conformal diffeomorphism, then any of these properties holds for an isometric immersion f : M m → N n with respect to Z ∈ X(N) if and only if it holds forf = Ψ • f with respect toẐ = Ψ * Z ∈ X(N).
By applying the preceding observation, we first extend the description of isometric immersions f : M m → Q n ǫ × R with the constant ratio property with respect to the unit vector field Z = ∂ ∂t tangent to the factor R to the case in which the ambient space is any warped product I × ρ Q n ǫ , with I ⊂ R an open interval, making use of the fact that any warped product metric on I × Q n ǫ is conformal to the standard Riemannian product metric. We then use the well known representations of (open dense subsets of) Q n+1 ǫ as such a warped product to describe all "loxodromic" isometric immersions into a space form Q n+1 ǫ , that is, isometric immersions into Q n+1 ǫ that have the constant ratio property with respect to a "radial" vector field in Q n+1 ǫ . Then we apply the same basic observation to the well-known conformal diffeomorphism of S n−1 ×R onto R n \{0}, and give a similar description of all isometric immersions f : M m → R n \ {0} that have the constant ratio property with respect to the radial vector field, making the classification in [2] more explicit. In the hypersurface case we recover the main result of [21] (see also [1] and [16] ).
We use the same idea to classify isometric immersions f : M m → R n \ {0} that have the principal direction property with respect to the radial vector field, extending for arbitrary values of m and n the main result of [17] , where this problem was studied for surfaces in R 3 . We also determine the isometric immersions f : M m → R n \ {0} that have both the constant ratio and principal direction properties with respect to the radial vector field.
Our methods also allow us to classify the related class of Euclidean submanifolds with the property that the normal components of their position vector fields are parallel with respect to the normal connection, and to give an alternative description of Euclidean submanifolds whose tangent or normal components of their position vector fields have constant length. The latter were first described in [3] , where they were called T -constant and N-constant submanifolds. Our description of isometric immersions f : M m → R n \ {0} that have the constant ratio property with respect to the radial vector field is thus based on the observation that any such isometric immersion is the composition f = Ψ •f of an isometric immersion f : M m → S n−1 × R that has the constant ratio property with respect to ∂ ∂t with the conformal diffeomorphism Ψ :
Notice that in the very particular case in which m = 1 and n = 2, that is, unit speed curves in R 2 , our approach reduces to the observation that the logarithmic spiral, the only unit speed plane curve that has the constant ratio property with respect to the radial vector field (with nonvanishing tangent and normal components of that vector field), is just the image under the conformal diffeomorphism of
that have either the constant ratio or the principal direction property with respect to a Killing vector field K in R n generating rotations around a subspace R n−1 of R n+1 . The first of these problems was investigated in [18] for surfaces in R 3 . However, their classification misses a large class of examples (see Remark 24 below).
As one further application of our basic observation, we describe all isometric immersions into Euclidean space that have the constant ratio property or the principal direction property with respect to any of the vector fields that generate the Lie algebra of conformal Killing vector fields in R n .
3 Constant ratio property with respect to
∂ ∂t
In this section we investigate the isometric immersions f : M m → Q n ǫ × R, with m ≥ 2, into the Riemannian product of Q n ǫ and R, that have the constant ratio property with respect to the unit vector field Z = ∂ ∂t , tangent to the factor R. We may assume that ǫ ∈ {−1, 0, 1}, and we will use the following models for Q n 0 , Q n 1 and Q n −1 , respectively:
which immediately give models for
, respectively. In all cases, the last coordinate on the ambient space coincides with the coordinate on the factor R in Q n ǫ × R, which we always denote by t. In particular, the vector field ∂ ∂t can be seen as a constant unit vector field on
, respectively, and for ǫ = 0 the problem at hand comes down to finding isometric immersions into R n+1 having the constant ratio property with respect to a constant vector field.
Note that, in all three cases, two classes of trivial examples of submanifolds of Q Let M m = J × N m−1 be a product manifold endowed with a polar metric
where π 1 : M m → J and π 2 : M m → N m−1 are the canonical projections, ds 2 is the standard metric on J and {g s } s∈J is a one-parameter family of metrics on N m−1 indexed on J. That the metric of M m = J ×N m−1 is the polar metric (7) is equivalent to requiring the metric to be orthogonal and the curves s → (s, x), x ∈ N m−1 , to be geodesics in M m (see Proposition 2.3 of [20] ). A particular case of a polar metric (7) is a warped product metric π * 1 ds 2 + (ρ • π 1 ) 2 π * 2 g for some ρ ∈ C ∞ (J) and some fixed metric g on N m−1 , which corresponds to the case in which all metrics g s , s ∈ J, are homothetical to a fixed metric g on N m−1 .
is an immersion with the constant ratio property with respect to the unit vector field Z = ∂ ∂t tangent to the factor R.
, is an isometric immersion with the constant ratio property with respect to Z = ∂ ∂t
is an open part of a vertical cylinder, or it is contained in a horizontal slice, or f is locally given as above (globally, with J = R, if the integral curves of Z T f are defined on R). If m = n, then Theorem 5 reduces to Corollary 2 of [19] , by taking into account the following elementary observation that we state as a lemma.
(1) , with n ≥ 2 and ǫ ∈ {−1, 0, 1}, is a local isometry of a product manifold M n = I × N n−1 endowed with a polar metric, then there exists a hypersurface φ 0 :
is the family of parallel hypersurfaces to φ 0 indexed on J, that is,
where N is a unit normal vector field to φ 0 and (C ǫ (s), S ǫ (s)) is either (cos s, sin s), (1, s) or (cosh s, sinh s), depending on whether ǫ = 1, 0 or −1, respectively.
Before giving the proof of Theorem 5 we show the following fact, which sheds light on how product manifolds M m = J × N m−1 with a polar metric arise.
Lemma 7.
Let M m be a Riemannian manifold and let ρ ∈ C ∞ (M) be such that grad ρ has unit length. Then M m is locally isometric to a product manifold J × N m−1 endowed with a polar metric (7), with the curves s → (s, x 0 ), x 0 ∈ N m−1 , corresponding to the integral curves of grad ρ. The assertion holds globally, with J = R, if the integral curves of grad ρ are defined on R.
On the other hand, since T is a gradient vetor field, then the distribution {T } ⊥ is integrable, its leaves being the level sets of ρ. By Theorem 2.7 of [20] , M m is locally isometric to a product J × N m−1 endowed with a polar metric (7). Moreover, also by that theorem, M m is globally isometric to a product R × N m−1 endowed with such a polar metric if the integral curves of T are complete geodesics.
We point out that any Riemannian manifold M m admits locally a function ρ whose gradient has unit length. For instance, if x ∈ M m and U ⊂ T x M is an open neighborhood of 0 ∈ T x M restricted to which the exponential map exp x is a diffeomorphism onto V ⊂ M m , then the map ρ : V \ {x} → R given by ρ(y) = exp
x y has this property. The integral curves of grad ρ are radial geodesics issuing from x and the leaves of the orthogonal distribution are the geodesic hyperspheres centered at x. 
On the other hand,
is an open part of a vertical cylinder or it is contained in a horizontal slice, respectively. Suppose from now on that neither of these possibilities occur. Denoting F = f, Z we have
for all X ∈ X(M). This means that Z T f is the gradient of F . Since f has the constant ratio property with respect to Z = ∂ ∂t , which has constant length, also Z T f has constant length. It follows from Lemma 7 that M m is locally isometric to a product M m = I × N m−1 endowed with a polar metric (7), and actually globally if the integral curves of Z T f are complete geodesics. Furthermore, from
it follows that F depends linearly on s.
The warped product case
We now consider isometric immersions f : M m → I × ρ Q n ǫ into a warped product I × ρ Q n ǫ , where I ⊂ R is an open interval, endowed with the warped product metric 
Then G is an increasing diffeomorphism onto an open interval J ⊂ R, and the map
is a conformal diffeomorphism between I × ρ Q n ǫ and Q n ǫ × J with conformal factor λ = ρ • π 1 , that is, its induced metric is λ 2 , . Its inverse
is given by
where
for all (x 0 , t 0 ) ∈ Q n ǫ × J, where the former ∂ ∂t denotes a unit tangent vector field on J, while the latter two denote a unit tangent vector field on I. Therefore, the following result is a consequence of part (iii) of Lemma 3 together with Theorem 5.
for all t ∈J, let A = 0 and let
is an immersion with the constant ratio property with respect to the unit vector field Z = ∂ ∂t tangent to the factor I.
, is an isometric immersion that has the constant ratio property with respect to Z = In the case of hypersurfaces one has a more explicit description by taking Lemma 6 into account.
The space form case -loxodromic immersions
There are well-known representations of any real space form Q n+1 ǫ , ǫ ∈ {1, 0 − 1} (or an open dense subset of it), as a warped product of an open interval and another space form, namely,
The first one is just the standard description of R n+1 \ {0} in spherical coordinates, given by the isometry
The second one corresponds to the isometry of the unit sphere S n+1 minus the south and north poles S = (0, . . . , 0, −1) and N = (0, . . . , 0, 1) given, with respect to the model (5) for S n and the corresponding one for S n+1 , by the map
In terms of the model (5) for S n and the one corresponding to (6) for H n+1 , the representation (15) of H n+1 minus P = (0, . . . , 0, 1) is given by the isometry
For the representation (16) of H n+1 take the isometry
with
, whereas for (17) the isometry is given by
where {v, w} is a pseudo-orthonormal basis of (
, that is, v, v = 0 = w, w and v, w = 1.
Classicaly, a unit speed curve γ : I → S 2 is called a loxodrome if its tangent vector makes a constant angle with the meridians of S 2 . One can similarly define a loxodrome γ : I → S n+1 in S n+1 for any n ≥ 2. Using the model (14) to describe S n+1 , loxodromes in S n+1 are precisely the images under the isometry in (19) gives rise to a "radial" vector field R in Q n+1 ǫ (of three different types for ǫ = −1). We will also refer to an isometric immersion into any of the models (13)- (17) (15), (16) or (17), respectively.
For ǫ = 0, the vector field R is the standard radial vector field, and a better approach to studying the constant ratio property with respect to that vector field will be given in Section 5. Therefore, we will omit this case here.
A description of all loxodromic isometric immersions f :
for ǫ ∈ {−1, 1} follows immediately from Theorem 8. Namely, any loxodromic isometric immersion
is given by f = φ •f , where φ is one of the isometries given by (19) to (22) (11) for the restriction toĨ of the corresponding warping function ρ ∈ C ∞ (I) given as in either of equations (14) to (17) .
For instance, any solution of the ODE F ′ (t) = sin(F (t)) on a maximal interval is given by F : R → R : t → 2 arctan(e t−c ) for an arbitrary real constant c, which we can assume to be zero after a translation of the parameter t. Therefore, any loxodromic isometric immersion into S n+1 is given by a map f : which, under the reparametrizaton u = 2 arctan(e (sin θ)s ), corresponds to the usual description of a loxodrome on S 2 ⊂ R 3 , namely, α(u) = cos cot θ ln tan u 2 sin u, sin cot θ ln tan u 2 sin u, cos u .
To obtain the parabolic loxodromic isometric immersions into H n+1 , first notice that any solution of the ODE F ′ (t) = √ 2e F (t) on a maximal interval is given by
for an arbitrary real constant c. Therefore, any parabolic loxodromic isometric immersion into H n+1 is given by a map f :
where {v, w} is a pseudo-orthonormal basis of (R n ) ⊥ ⊂ R and which are not vertical cylinders, were completely described in [19] for the case of hypersurfaces and in [15] for arbitrary codimension. The class of such isometric immersions was called class A in [15] . We will consider the case ǫ ∈ {−1, 1}, the case ǫ = 0 being similar.
Let φ : N m−1 → Q n ǫ be an isometric immersion and assume that there exists an orthonormal set of normal vector fields ξ 1 , . . . , ξ k along φ that are parallel in the normal bundle. This assumption is satisfied, for instance, if φ has flat normal bundle. After including Q n ǫ into Q n ǫ × R in the standard way and using the models (5) and (6), we can look at φ as an immersion into R n+2 (1) and at the vector fields ξ 1 , . . . , ξ k as vector fields on R
n+2
(1) along this immersion. Now add the following two vector fields along φ to this list:
for all x ∈ N m−1 . Observe that ξ 1 , . . . , ξ k+1 all have last component zero. The vector subbundle E of the normal bundle of φ :
is spanned by ξ 1 (x), . . . , ξ k+2 (x), is parallel and flat and we may define a vector bundle isometry Ξ :
(1) , γ = (γ 1 , . . . , γ k+1 , γ k+2 ), be a smooth regular curve such that γ 
Notice that, if γ parametrizes a line {p 0 } × R in Q k ǫ × R ⊂ E k+2 , then the map f parametrizes a vertical cylinder. Geometrically, the image of f is generated by parallel transporting the curve γ in a product submanifold Q k ǫ × R of a fixed normal space of φ in R
(1) with respect to its normal connection. The following result from [15] , which we reformulate a bit for our purposes, states that the above construction gives all submanifolds of class A, that is, all submanifolds in Q 
, is a unit-speed curve and γ k+2 (s)) = As for some A = 0. Then the restriction of f to the subset of its regular points is an immersion with both the principal direction and constant ratio properties with respect to Z = , is locally given in this way (globally, if the integral curves of Z T f are defined on R).
(1) be the map given by (23) for a regular curve γ :
and the shape operator of f with respect to Ξ(x, ζ) satisfies
for all ζ ∈ R k+2
(1) with ζ, γ ′ (s) = 0. On the other hand, we have
where are those for which Z ⊥ f is parallel in the normal connection. These isometric immersions were shown in [15] to be precisely the ones given by (23) with γ :
In the case of hypersurfaces, Theorem 9 reduces to Theorem 1 in [19] by taking Lemma 6 into account.
The warped product case
The invariance of the principal direction property with respect to conformal changes of the ambient metric (see part 
Moreover, choosingf as in Corollary 10, the isometric immersions f = ψ •f give all isometric immersions into I × ρ Q n ǫ that have both the constant ratio and principal direction properties with respect to Z = ∂ ∂t . In a similar way one can describe all isometric immersionsf : M m → Q n ǫ that have the principal direction property (or both the constant ratio and principal direction properties) with respect to a radial vector field R as in Section 3.2. It suffices to compose the isometric immersions produced as described in the previous paragraph with one of the isometries φ given by (19) to (22).
Constant ratio property for radial vector fields
In this section and the next, we study Euclidean submanifolds with the constant ratio or the principal direction property with respect to a radial vector field on R n \ {0}. In view of the remark after Definition 1, without loss of generality we may work with the position vector field given by R(y) = y for all y ∈ R n \ {0}. Our results will follow by combining the assertions in parts (iii) and (iv) of Lemma 3 with the results of Sections 3 and 4, making use of the fact that the map
is a conformal diffeomorphism, with inverse
Indeed, it is easily checked that the conformal factors of Ψ and Φ are, respectively, ϕ(x, t) = e t and φ(y) = y −1 . Moreover, the unit vector field ∂ ∂t ∈ X(S n−1 × R) tangent to the factor R and the radial vector field R ∈ X(R n \ {0}) are Ψ-related, that is, for all (x, t) ∈ S n−1 × R we have
A description of the submanifolds of R n \ {0} having the constant ratio property with respect to R was given in [2] . An alternative description is as follows. Euclidean hypersurfaces of any dimension n that have the constant ratio property with respect to the radial vector field R have been described in [1] (an alternative description was given in [16] for n = 2 and in [21] for arbitrary n). The next consequence of Theorem 11 and Lemma 6 is essentially the description in [21] .
be the family of parallel hypersurfaces to φ 0 , indexed on the open interval J ⊂ R. Then the map f :
defines, at regular points, a hypersurface that has the constant ratio property with respect to the radial vector field R. Conversely, if f : M n−1 → R n is a hypersurface with the constant ratio property with respect to the radial vector field R, then either f (M) is an open subset of S n−1 ⊂ R n or of a cone over a hypersurface of S n−1 , or f is locally given as above.
Notice that the s-coordinate curves of the hypersurfaces (28) are logarithmic spirals, the plane curves that have the constant ratio property with respect to the radial vector field R on R 2 \ {0}.
T -constant and N -constant Euclidean submanifolds
Related classes of isometric immersions f : M m → R n are those for which either R T f or R ⊥ f is constant on M m . These were called in [3] T -submanifolds and Nsubmanifolds, respectively, where a description of them was given. An alternative description of those submanifolds can be derived as follows with our methods.
By the first formula in (32), R geodesics. Moreover, using thatẐ for some immersion φ : M m → S m−1 and some h ∈ C ∞ (I). Moreover, if for each s ∈ I we denote by g s the metric induced by the map
then the fact that the s-coordinate curves s → (s, x) (the integral curves ofẐ
) are reparametrizations of geodesics says that the metric induced by f is
Therefore, as in the proof of the direct statement, the assumption that R
has a constant value K on M m translates, respectively, into the ODEs
for h, whose solutions are easily checked to be given by (30) and (31), respectively.
Principal direction property for radial vector fields
Corollary 4 takes the following simpler form for radial vector fields. Proof. Denoting by∇ the Euclidean connection and by ∇ the Levi-Civita connection of M n , the Gauss and Weingarten formulas yield
The normal component of this equation reads
, which implies the statement.
In the case of hypersurfaces, Corollary 15 reads as follows. By the observation after Lemma 3, every hypersurface of R n \ {0} that has the constant ratio property with respect to R also has the principal direction property with respect to R. Indeed, the radial vector field R is Ψ-related the parallel unit vector field ∂ ∂t ∈ X(S n−1 × R) tangent to the factor R, where Ψ : S n−1 × R → R n \ {0} is the conformal diffeomorphism given by (25). This also follows from the preceding corollary by noticing that, since R • f is constant along {R
f is a hypersurface with the constant ratio property with respect to R.
The next result gives a description of all isometric immersions f : M m → R n \ {0}, m ≥ 2, that have the principal direction property with respect to R.
Theorem 17. Let φ : N m−1 → S n−1 ⊂ R n be an isometric immersion along which there exists an orthonormal set of normal vector fields ξ 1 , . . . , ξ k that are parallel in the normal bundle. Let γ :
, be a smooth regular curve such that γ k+2 has non-vanishing derivative. Then the restriction of the map f :
to the subset of its regular points defines an immersion with the principal direction property with respect to R. 
to the subset of its regular points defines a hypersurface with the principal direction property with respect to R. For n = 3, Corollary 18 reduces to the main theorem of [17] , where surfaces in R 3 \ {0} with the principal direction property with respect to R were called generalized constant ratio surfaces, in view of the fact that any constant ratio surface in R 3 has this property, as pointed out after Corollary 16. This terminology is not appropriate for Euclidean submanifolds of codimension greater than one, for in this case the constant ratio property with respect to R no longer implies the principal direction property with respect to R.
The following result classifies isometric immersions into R n \ {0} that have both the constant ratio and the principal direction properties with respect to R.
, is a unit-speed curve and γ k+2 (s)) = As for some A = 0. Then the restriction of f to the subset of its regular points is an immersion with both the principal direction and constant ratio properties with respect to R.
Conversely, if f : M m → R n \ {0}, m ≥ 2, is an isometric immersion with both the constant ratio and principal direction properties with respect to R, then either f (M) is an open subset of a cone over a submanifold N m−1 of S n−1 , or f is given locally as above (globally, if the integral curves of R T f are defined on R). Proof. By parts (iii) and (iv) of Lemma 3, any isometric immersion f : M m → R n \ {0} that has both the constant ratio and principal direction properties with respect to R is given by f = Ψ •f for some isometric immersionf : M m → S n−1 × R that has both the constant ratio and principal direction properties with respect to (γ 1 (s) , . . . , γ k+1 (s)), is a geodesic and γ k+2 (s) = log(sec(s + C)) for some C ∈ R and all s ∈ I. Then the restriction of to the subset of its regular points is an immersion with the property that R of the Lorentzian space R n+1 1 satisfying e 0 , e 0 = 0 = e n , e n , e 0 , e n = −1/2 and e i , e j = δ ij , 1 ≤ i ≤ n − 1, 0 ≤ j ≤ n.
(39) Then the map Ψ :
is a conformal diffeomorphism with conformal factor ϕ(x 0 e 0 + . . . + x n e n , (y 1 , y 2 )) = 1 x 0 ,
e n , (y n , y n+1 ) .
Notice that the metric induced by the restriction of Ψ −1 to each half-space of a hyperplane of R n+1 containing R n−1 is the standard hyperbolic metric of the half-space model of H n . In other words, the restriction of the conformal diffeomorphism Ψ :
gives an isometry of the hyperboloidal model of H n onto its half-space model. Composing Ψ with the isometric covering map
produces a conformal covering mapΨ :
The reasonΨ is useful for our purposes is that the unit vector field
for all x = (x 0 e 0 + . . . + x n e n , t) ∈ H n × R.
The constant ratio property with respect to K
Submanifolds of R n+1 \ R n−1 having the constant ratio property with respect to K can be classified as follows by using part (iii) of Lemma 3 and the conformal covering map (40).
, m ≥ 2, be an isometric immersion of a product manifold M m = J × N m−1 endowed with a polar metric. Write φ(s, x) = n j=0 φ j (s, x)e j , where e 0 , . . . , e n is a pseudo-orthonormal basis of R n+1 1 as in (39). Then the map f : s, x) , . . . , φ n−1 (s, x), cos(As), sin(As))
defines an immersion with the constant ratio property with respect to the Killing vector field K.
is an isometric immersion that has the constant ratio property with respect to K, then it is either a rotational submanifold having R n−1 as axis, or f (M m ) lies in a hyperplane that contains the subspace R n−1 , or f is locally given as above (globally, if the integral curves of K The converse also follows from the converse statement of Theorem 5 and part (iii) of Lemma 3 by noticing that rotational submanifolds having R n−1 as axis are precisely the images under the conformal covering mapΨ : H n × R → R n+1 \ R n−1 of the vertical cylinders in H n × R, whereas submanifolds of R n+1 \ R n−1 that lie in a hyperplane of R n+1 containing the subspace R n−1 are the images underΨ of submanifolds of H n × R that are contained in a horizontal slice of H n × R.
A more explicit description of hypersurfaces f : M m → R n+1 \ R n−1 , m ≥ 2, with the constant ratio property with respect to K, or equivalently, whose unit normal vector field makes a constant angle with K, is as follows. s, x) , . . . , φ (n−1) (s, x), cos(As), sin(As)), A = 0,
is a hypersurface with the constant ratio property with respect to K. Conversely, if f : M n → R n+1 \ R n−1 , n ≥ 2, is a hypersurface that has the constant ratio property with respect to the Killing vector field K, then either f is a rotational hypersurface having R n−1 as axis, or f (M n ) is an open subset of a hyperplane that contains R n−1 , or it is locally given as above (globally, if the integral curves of K T f are defined on R).
is an immersion with the principal direction property with respect to K.
Conversely, iff : M m → R n+1 \R n−1 , m ≥ 2, is an isometric immersion that has the principal direction property with respect to K, then either it is a rotational submanifold having R n−1 as axis, or its image lies in a hyperplane that contains the subspace R n−1 , or it is locally given as above (globally, if the integral curves of K T f are defined on R).
If, in the above statement, the smooth regular curve γ : I → H k × R ⊂ R k+2 1 , γ = (γ 1 , . . . , γ k+2 ), is such thatγ : I → H k ⊂ R k+1 1 ,γ = (γ 1 , . . . , γ k+1 ), has unit speed and γ k+2 (s) = As for all s ∈ I, with A = 0, then it follows from Corollary 10 that the mapf : M m → R n+1 \ R n−1 given by (44) is an immersion with both the constant ratio and principal direction properties with respect to the Killing vector field K, and that, conversely, any isometric immersionf : M m → R n+1 \ R n−1 , m ≥ 2, that has both the constant ratio and principal direction properties with respect to K either is a rotational submanifold having R n−1 as axis, or its image lies in a hyperplane that contains the subspace R n−1 , or it is locally given in this way (globally, if the integral curves of K T f are defined on R).
In the case of hypersurfaces, a more explicit description, similar to that in Corollary 23, follows as before from Theorem 25 by taking into account Lemma 6.
The case of conformal Killing vector fields
Let x 1 , . . . , x n+1 denote as before the standard coordinates in R n+1 and ∂ x i a unit vector field tangent to the x i -coordinate curve, 1 ≤ i ≤ n + 1. The Lie algebra of conformal Killing vector fields in R n+1 has dimension 1 2 (n + 2)(n + 3) and is generated by the Killing vector fields given by (37) and (38), by the radial vector field
and by the vector fields
The isometric immersions into Euclidean space that have either the constant ratio or the principal direction property with respect to any of such vector fields have been described in the previous sections, except for the vector fields C i in (45).
A description in the latter case follows from the observation that
where I is an inversion with respect to a unit sphere centered at the origin. Indeed, in view of (46), it follows from part (iii) (respectively, part (iv)) of Lemma 3 and Theorem 5 (respectively, Theorem 9), with ∂ ∂t = ∂ x i , that any isometric immersion f : M m → R n with the constant ratio (respectively, principal direction) property with respect to C i is given by f = I •f , wheref : M m → R n is given as in Theorem 5 (respectively, Theorem 9). In the hypersurface case, a more explicit description is given by such a composition withf given as in Corollary 2 (respectively, Theorem 1) of [19] . Moreover, iff : M m → R n is as in Corollary 10, with ∂ ∂t = ∂ x i , then f = I •f : M m → R n has both the constant ratio and the principal direction properties with respect to C i .
